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\ Abstract 

\ Let A/*(C) denote the C*-algebra defined as the direct sum of 

■ all matrix algebras {Af„(C) : n > 1}. It is known that M^,{C) has 

"j^ \ a non-cocommutative comultiplication IS.^. We show that the C*- 

bialgebra (M, (C), A^) has a universal i?-matrix R such that the quasi- 
cocommutative C*-bialgebra {M^:{C),/S.^p,R) is triangular. 
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1 Introduction 

O , 

. The purpose of this paper is to construct a new triangular C*-bialgebra such 

that its universal i?-matrix is defined by using a certain set of arithmetic 
transformations. In this section, we show our motivation, definitions and 
^ . our main theorem. 



1.1 Motivation 

In this subsection, we roughly explain our motivation and the background 
of this study. Explicit mathematical definitions will be shown after § 11.21 

For n > 2, let M„(C) denote the C*-algebra of all n x n matrices and 
we define Mi(C) = C for convenience. Define the C*-algebra M*(C) as the 
direct sum of {M„(C) : n > 1}: 

M,(C) = Mi(c)eM2(C)eM3(c)e-- - . (i.i) 
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In § 6.3 of [9j, we constructed a non-cocommutative comultiplication of 
M*(C) such that (M*(C), A^) is a C*-subbialgebra of a certain C*-bialgebra. 
As a C*-algebra, M=k(C) is almost trivial and there is no new property, 
but the bialgebra structure is new, which is not a deformation of a known 
cocommutative bialgebra 

On the other hand, in the theory of quantum groups, a universal R- 
matrix for a quasi-cocommutative bialgebras is important for applications to 
mathematical physics and low-dimensional topology [51 El [71 [8] . Especially, 
quasi-triangular (or braided) bialgebras generate solutions of Yang-Baxter 
equation. As a stronger property, a triangular bialgebra was introduced by 
Drinfel'd [5]. In this case, the tensor category of all representations of the 
bialgebra is symmetric ([8], XIII. 6 Exercises 1). See also |^ l6l [Tl]. 

Our interest is to find a universal i?-matrix of {M^{C), A.^) in (jl.lh 
if there exists. In this paper, we construct a universal i?-matrix R of 
(M*(C), A(^) defined as a double infinite sequence of permutation matrices 
arising from certain arithmetic transformations of quotients and residues 
of positive integers. Furthermore, we show that the quasi-cocommutative 
C*-bialgebra {M^{C),A^,R) is triangular. 

1.2 Definitions 

In this subsection, we recall definitions of C*-bialgebra and universal R- 
matrix [llj . At first, we prepare terminologies about C*-bialgebra according 
to [T2l,fT3]. 

1.2.1 C*-bialgebra 

For a C*-algebra A, let A" denote the enveloping von Neumann algebra of 
A. The multiplier algebra A4{A) of A is defined by 

M{A) = {aG a" ■.aAcA,AaC A}. (1.2) 

Then M{A) is a unital C*-subalgebra of A" . Especially, A = M{A) if and 
only if A is unital. The algebra M{A) is the completion of A with respect 
to the strict topology. 

For two C*-algebras A and B, let liom{A, B) and A^B denote the set 
of all *-homomorphisms from A to B and the minimal C*-tensor product 
of A and B, respectively. A *-homomorphism from ^ to i3 is not always 
extended to the map from M.{A) to Ai{B). If / € Hom(yl, i?) is surjec- 
tive and both A and B are separable, then / is extended to a surjective 
*-homomorphism of M.{A) onto M.{B). We state that / G Hom{A, M.{B)) 
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is nondegenerate if f{A)B is dense in B. If both A and B are unital and / is 
unital, then / is nondegenerate. For / € }iom.(A, Ai(B)), if / is nondegen- 
erate, then / is called a morphism from ^4 to i? |15j . If / is a nondegenerate 
*-homomorphism from A to B, then we can regard / as a morphism from 
A to B hy using the canonical embedding of B into M{B). Each morphism 
/ from A to B can be extended uniquely to a homomorphism / from Ai{A) 
to M{B) such that f{m)f{h)a = f{mb)a for m G M{B),b G B, and a e A. 
If / is injective, then so is /. 

A pair {A, A) is a C-hialgehra if ^ is a C*-algebra with A G Hom(yl, M {A® 
A)) such that A is nondegenerate and the following holds: 

(A o A = A) o A. (1.3) 

We call A the comultiplication of A. A C*-bialgebra (A, A) is counital if 
there exists e G Hom(y4, C) such that 

(e (g) id) o A = id = (id (g) e) o A. (1.4) 

We call e the counit of A and write {A, A, e) as the counital C*-bialgebra 
{A, A) with the counit e. Remark that we do not assume A(A) C A ® A. 
Furthermore, A has no unit for a C*-bialgebra {A, A) in general. 

1.2.2 Universal i?-matrix 

We recall a unitary universal i?-matrix and the quasi-cocommutativity for 
a C*-bialgebra [TT] . 

Definition 1.1 Let (^, A) be a C*-bialgebra. 

(i) The map ta^a from A4{A(S>A) to A4{A(^A) is the extended flip defined 
as 

fA,A(^)(x ®y) = TAA^iy x)) {X G M{A A), x,y e A) (1.5) 
where ta,a denotes the flip of A® A. 

(ii) The map A"p from A to M{A A) defined as 

A°P(x) ^ f^,A(A(x)) (xG^) (1.6) 
is called the opposite comultiplication of A. 

(iii) A C*-hialgebra (^, A) is cocommutative if A = A"^. 
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(iv) An element R in M{A A) is called a (unitary) universal R-matrix 
of (yl, A) if R is a unitary and 

RA{x)R* = A°P(a;) {x G A). (1.7) 

In this case, we state that (A, A) is quasi- cocommutative (or almost 
cocommutative 

We write a quasi-cocommutative C*-bialgebra (^4, A) with a universal R- 
matrix R as {A, A,R). If A is unital, then M{A ^ A) = A (g) A and fA,A = 
ta.a- In addition, if (A, A) is quasi-cocommutative with a universal R- 
matrix i?, then R ^ A® A. 

Next, we introduce quasi-triangular and triangular C*-bialgebra ac- 
cording to [5]. 

Definition 1.2 Let {A^A^R) he a quasi-cocommutative C* -bialgebra. 

(i) {A,A,R) is quasi-triangular (or braided f^) if the following holds: 

{A ^ id){R) = RnR23, {id(g)A){R) = Ri3Ri2 (1.8) 
where we use the leg numbering notation 

(ii) {A, A, R) is triangular if (A, A, R) is quasi-triangular and the following 
holds: 

RfA,A{R) = I (1-9) 
where ta^a is as in il.5\) and I denotes the unit of A4{A <Si A). 

Since both A (8) id and id (8) A are nondegenerate, (jl.Sp makes sense. The 
equation ()1.9|) is written as "iJ^^i?^^ = 1" in |5j. In Appendix [Aj we will 
show basic facts about quasi-triangular C*-bialgebras. 

1.2.3 Direct product and direct sum of C*-algebras 

For an infinite set {Ai : i G ^1} of C*-algebras, there are separate notions of 
direct sum and product which do not coincide with the algebraic ones [2]. 
We define two C*-algebras Hign ^« ©ten ^« ^ follows: 

YlAi= {(oi) : ||(ai)|| =sup||ai|| < oo}, (1.10) 
0^i= {(a,) : ||(a,)|| ^Oasi^oo} (1.11) 

iefl 
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in the sense that for every e > there are only finitely many i for which 
||aj|| > e. We call Hjen ^« ©ien ^* direct product and the direct 
sum of Aj's, respectively. The algebra ©^g^j Ai is a closed two-sided ideal of 
HieQ "^^^ algebraic direct sum Qaigi^i i £ ^} is a dense *-subalgebra 
of ®{Ai : i G O}. Since 7W(eigQ^i) ^ Iliec-^C^i) (I21' n.8.1.3), if Ai is 
unital for each i, then 

1.3 C*-bialgebra (Af,(C), A^) 

In this subsection, we recall the C*-bialgebra (M*(C), Ai^) [9J. Let M*(C) 
be as in and let {-E/f"^} denote the set of standard matrix units of 

M„(C). For n,m > 1, define (pn,m G Hom(M„^(C), M„(C) ® M^(C)) by 

^n,m{E'^T\:^- i' ,,^-') = e':''-^^E^"') (1-13) 

' ^ m{i—l)+j,m(i —1)+J 1,1 J,J 

for i,i G {1, . . . , n} and j, j G {1, . . . , m}. By using {'^n,m}"n,m>l 5 dcfiriG 
two maps G Hom(M*(C), M*(C)®M*(C)) and e G Hom(M*(C), C) by 

A^{x)= Yl fm,ii^) whenxGM„(C), (1.14) 

m,l: ml=n 

e{x) = when X G e{M„(C) : n > 2}, e{x) = x whenxGMi(C). 

(1.15) 

Then (M^, (C), A^, e) is a counital C*-bialgebra, which is non-cocommutative. 
In fact, 

A^(i?g) =hCS> Efl + Efl ® Efl + Efl Efl + Efl /i (1.16) 

where Ii denotes the unit of Mi(C) = C. The second and third terms show 
A^ / A°P. Remark A^(M*(C)) C M*(C) O M*(C). The C*-bialgebra 
(M^,(C), A^, e) satisfies the cancellation law (f9]. Proposition A.l), and it 
never has an antipode ([9j, Lemma 3.2). 

1.4 Main theorem 

In this subsection, we show our main theorem. For n > 1, let {e^^^^^^i 
denote the standard basis of the finite dimensional Hilbert space C". 
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Definition 1.3 Define the unitary transformation i^(">™) on C" ® C™ by 



Rin,m)^^{n) ^ ^ M ^ ^ ^(n) ^ ^^^^^^ 

for G {l,...,n} X {l,...,m} where the pair € {l,...,n} x 

{1, . . . ,m} is uniquely defined as the following integer equation: 

m(z - 1) +j = n(j - 1) + i. (1.18) 



For example, m(i — 1) + j divided by n equals j — 1 with a remainder of i 
when 1 < i < n — 1. 

By the natural identification Endc(C" O C™) ^ M„(C) (g) M„(C), 
is regarded as a unitary element in M„(C)(8'Mm(C) for each n, m > 1. 
From (frT2]l . 7W(M,(C)«)M,(C)) = n„,r„>i Ai'„(C)OM„(C). Hence the set 
|^(n,m)|^^^^_^ in (fTTTl) defines a unitary element R in 7W(M*(C) 0M*(C)): 

R = (i?("'"^))n,m>l e X(M,(C) ® M,(C)). (1.19) 

Then the main theorem is stated as follows. 
Theorem 1.4 Let (M*(C),A^) be as in § [731 

(i) T/ie unitary R in M.19fl is a universal R-matrix o/ (M^,(C), A^). 

(ii) In addition to (i), the quasi- cocommutative -bialgebra (Af^,(C), A(^, i?) 
is triangular. 

We discuss the meaning of R in ()1.19p as follows. 

Remark 1.5 From (jl.lSp . the operator in (jl.l7p is induced from the 

arithmetic transformation Xn,m defined as 

The map Xn,m is a permutation of the set {1, . . . , n} x {1, . . . , m}. For a 
given integer A'' in {l,...,nm}, {i,j),{i,j) E {l,...,n} x {l,...,m} are 
uniquely determined by 

N = m{i-l)+j = n{i-l)+i. (1.21) 

Hence both (i, j) and (i, j) are modifications of quotients and residues of A'^. 
From this, Xn,m means a transformation between quotients and residues of a 
given integer with respect to a pair of fixed integers n and m. For example, 

X2,3(l,2) = (2,1), X2,3(2,l) = (2,2). (1.22) 

From this, X2,3 7^ (X2,3)~"'^- This implies R^ ^ id. It is interesting that the 
triangular structure of a bialgebra is induced from such arithmetic transfor- 
mations. 
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In § [21 we will introduce locally triangular C*-weakly coassociative 
system : n,m> 1}. By using 

general statements in § [2l we will prove Theorem 11.41 in § [3j 

2 C*-weakly coassociative system 

In this section, we consider a general method of construction of C*-bialgebras 
in order to prove Theorem 11.41 

2.1 Definitions 

According to § 3 in [9j, we recall a general method to construct a C*- 
bialgebra from a set of C*-algebras and *-homomorphisms among them. 
We call M a monoid if M is a semigroup with unit. 

Definition 2.1 Let M be a monoid with the unit e. A data {{Aa,(pa,b) '■ 
a,b M} is a C*-weakly coassociative system (= C*-WCS) over M if Aa is 
a unital -algebra for a G M and ipa^b is a unital *-homomorphism from 
Aab to Aa ® Af, for a, 6 € M such that 

(i) for all a,b,c (z M, the following holds: 

{ida ® (Pb,c) o Va,bc = {^a,b idc) o ^ab,c (2.1) 

where idx denotes the identity map on A^ for x = a,c, 

(ii) there exists a counit Ee of A^ such that {Ae,(pe,e,£e) is a counital C*- 
bialgebra, 

(iii) ipe,a{x) = le® X and ipa,e{x) = X ® le for X & Aa and a € M. 
From this definition, the following holds. 

Theorem 2.2 (^§1, Theorem 3.1) Let {{Aa,^a,b) ■ a,b e M} be a (7-WCS 
over a monoid M. Assume that M satisfies 

i^Ma < oo for each a G M (2.2) 

where Ma = {{b,c) € M x M : bc = a}. Define C -algebras 

A^ = ®{Aa:a^U}, = e{A : (b, c) € TV^} (a € M), (2.3) 
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and define *-homomorphisms A^'' € Hom(Aa,Ca), € Hom(A^,, (8)^*) 
and e € Hom(A*, C) 6y 

E '^''.^(a;) (xG^a), A^ = ©{Ajf) : a € M}, (2.4) 

(6,c)eA/'a 

{0 ?i;/ien x G e{Aa : a S M \ {e}}, 

(2.5) 
£e{x) when x G Ag. 

Then (^*,A^,e) is a counital C* -hialgehra. 

We call (yl*, A^,e) in Theorem 12.21 by a (counital) C -hialgehra associated 
with {{Aa.,^a,b) : a,6 € M}. In this paper, we always assume the condition 

(1221). 

In this subsection, we do not assume that M is abelian. For example, 
we constructed a C*-WCS over a non-abelian monoid in flOI. 



2.2 Locally triangular C*-weakly coassociative system 

In addition to § 12. H we introduce locally triangular C*-weakly coassociative 
system (=C*-WCS) in this subsection. 

Definition 2.3 Let {{Aa,'fa,b) : a,6 e M} he a C*-WCS. 

(i) For a, 6 € M, define (/?°^^ G Hom(^afe; ^6 ® Ag) hy 

"PZb = ° 'Pa,b (2.6) 
where Ta^b denotes the flip from Aa ® Ai^ to A^^® Aa- 

(ii) {(^a,<^a,6) '■ a,b (z M} is locally quasi- cocommutative if there exists 
|^(a,6) ■ q £ ivij. such that is a unitary in Aa ® Af, and 

i2('^'*)<^,,fe(x)(i?('^'^))* = (^°;;(x) {xeAab) (2.7) 

/or each a,b € M. /n i/iis case, we call {{Aa,(pa,b, R^"''''^) a,b ^ M} a 
locally quasi- cocommutative (T-WCS. 

(iii) A locally quasi- cocommutative C* -WCS {{Aa, tfa,b, R^""'^^) '■ a,b G M} 
is locally quasi-triangular if the following holds: 

{^a,b^idc){R^^'^'^)= R^f^R^2^\ (2.8) 

(Z4 0(^fe,e)(i?('^'''^))= (2.9) 

for each a,b,c & M. 
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(iv) A locally quasi- cocommutative (T'-WCS {{Aa,(pa,b,R^"''^^) ■ a,b £ M} 
is locally triangular if {{Aa,(pa,b,R^"''^^) ■ a,b M} is locally quasi- 
triangular and the following holds: 

i?('^'^)r5,,(ii('''''))=4®/b (a,6GM) (2.10) 

where Ix denotes the unit of Ax for x = a,b. 

For a C*-WCS {{Aa, ipa,b) : a,b e M}, the following holds from (1021) : 
MiA^^A^)^ Yl Aa(S)Ah. (2.11) 

a,beM 

Hence we identify an element in A^(A* (g) ^*) with that in Y[a beM ® 
By Definition 12.31 the following holds. 

Lemma 2.4 Assume that a monoid M is abelian. 

(i) If a C*-WCS {{Aa,ipa,b) a,b £ M}, is locally quasi- cocommutative 
with respect to {R^"''^^ : a,b G M} in ^2. 7\ ), then the unitary R € 
M{A^ (g) A^) defined by 

R^{R^^'''\b^M (2.12) 
is a universal R-matrix of {A^, ^ip)- 

(ii) If a locally quasi- cocommutative C* -WCS {{Aai^Pa,b^R^"''^^) : a,b G M} 
is locally quasi-triangular, then (A^,, A^p, R) is quasi-triangular for R 

in / frai) . 

(iii) If a locally quasi- cocommutative (T' -WCS {{Aa, (pa,b, R^"''''^) ■ a,b £ M} 
is locally triangular, then (A^,, A^p, R) is triangular for R in 112. IS^) . 

Proof (i) Let a G M and x e Aa- From ([2^ . 

RA^{x)R* = RA^^\x)R* = ^ Ripb,c{x)R*. (2.13) 

6,c; bc=a 

From (gTT]), 

RipbA^)R* = i?('''^V6,c(x)(i?(''^))* = y.:;;(x). (2.14) 
From these and the assumption that M is abelian, 

RAAx)R*= Yl <bi^)= E (2.15) 

fe,c; bc=a b,c; cb=a 
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On the other hand 



A°^'(x)=f^.,^.(A(f)(x))= r^A^cA^)) = E ^Z^"^)- (2-16) 



Hence i?A^(x)i?* = A^^(x) for each a G M and x G Aa- Therefore the 
statement holds. 

(ii) Let a, 5, c G M and z G A Ac- By (I2SD, 

(A^ id){R)z = {ipa,b ^ idc){R^''^^^^)z = R^^^^R':^fz = R13R23Z. (2.17) 

From this, (A^ ® id){R) = i?i3i?23- By the same token, we can verify that 
{id (8" A^){R) = i?i3i?i2. Hence the statement holds. 

(iii) Let a, 6 G M and z e Aa <S> Ab. From ([27TO]) . 



This holds for each a, 6 G M and z G via ^fe- Therefore RfA^,At{R) = I- 
Hence the statement holds. I 

We use the assumption that M is abelian in the proof of Lemma I2.4( i) . 



We prove Theorem 1 1.41 in this section. We regard the set N = {1, 2, 3, . . .} of 
all positive integers as a monoid with respect to the multiplication. Then we 
see that {{Mn{C) , ipn,m) n,m G N} in (]1.13p is a C*-WCS over the abelian 
monoid N. From Lemma [2.41 it is sufficient for the proof of Theorem 11.41 to 



RfA,MR)^ = R'-"'''^nAR^''"^) 



z = z. 



(2.18) 



3 Proof of Theorem 11.41 




(3.1) 



(<^n,m®id/)(i?(""^''^) 



R 



,{n,l) p(m,/) 
■13 -n^23 



(3.2) 



R 



.(n,l) r>{n,m) 
13 ^12 



(3.3) 



In <8 I, 



m 



(3.4) 



for each n,m,l G N. 
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3.1 Proof of Theorem [HKi) 

In this subsection, we show in order to prove Theorem ll.4( i). We in- 
troduce several new symbols for convenience as follows: Let F„ = {1, . . . , n} 
and define the bijective map (pn,m from F„ x Fm to Fnm by 

0n,m(i,j) = {{ij) £ FnX F^). (3.5) 

Let : i,i G F„} be as in § [Ol For i,j G F„ and k, I G F^, let 



p(n,m) _ p(n) p(m) c^, 

(i,/) = \j ^ ^k,i ■ l-^-oi 



Lemma 3.1 For k,l G Fnm, the following holds: 

= ^^^^ ^ . (3.7) 

where Xn,m is as in il.20\) and 6m,n denotes the flip from Fm x F„ to Fn x Fm ■ 
Proof. From (l33|) and (fLT3]) . 

,„,„.(47')=E£;r;,,,-,,,, (*,/.F,.„)^ (3.9) 

By definition, is written as follows: 

Z-/ Xn,m(«j), (ij) ^ ' 

From dSS]) and (fXTO]) . (ISTD holds. 
We see that 

By (I3J]), (^^,„(4T^) = E!,"!f J, , ._i . From this and ^JT^, ^ holds. | 

The equation (I3.10p shows a representation of R restricted on the vector 
subspace M„(C) (g) Mm(C) of M*(C) (g) M*(C). 
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Proof of Theorem \1.4^ i). We prove ()3.ip for each n, m G N. If it is done, 
then Theorem ll.4l fi) holds from Lemma 12.4( 1). 
For Xn,m in (|1.20p . we see that 

Xn,m = Om,n o (t>m]n ° (Pn^m (3.12) 

where Om,n is as in Lemma [3TT1 From this, we see that (j3.7p equals ()3.8p . 
Hence (13.11) is verified. Therefore the statement holds. ■ 



3.2 Proof of Theorem [HKii) 

In order to prove Theorem ll.4( ii) , we prove (|3.2ll3.4p . Especially, we show 
(13:2]) in § KTT\ and § [3X2] step by step. 



3.2.1 Proof of ([372]) — Step 1 

In this subsubsection, we reduce (j3.2p to equations of maps on integers. 

Lemma 3.2 Let Fn and {E^ij} be as in § I3.il For i,a € Fn, j, b S F^ and 
k,c € Fi, let 

Then the following holds: 

{^n,m ^d,){R(-^^^) = Yl ^PiTJk iaMV (^.14) 

(a,6,c)GF„xF„xF; 

^13 ^23 - 2^ ^Q(a,fe,c), (a,6,c) i-^--^^^ 

(a,6,c)GF„xF™xF, 

where P and Q are maps on Fn x F^ x Fi defined by 

P= {4'n)nX'>'dl)oXnm,lo{<j)n,mXidl), (3.16) 

Q = {idn X Ol^m) O (Xn,/ X id^) o {idn X 6'm,i) o {idn X Xm,0 (3.17) 

where idx denotes the identity map on Fx for x = n,m,l. 
Proof From (|3T0l) . 
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(in nA. 

Xnm,l(t,k), {t,k)> 



■,(nm,l) 



- J2 ® ^^')(^Xn™',i(9in,™(i,j),fc),(</'n,m{ij),fc))- 

{i,j,k)&F„xF,n>iFi 

When t = 4>n,m{i,j), 

~ (0n,m{t),fc),(i,j,A:) 

where {t,k) = Xnni,i{t,k). We see that 

{(t>n)nit),k) = {{<Pn!m X ^dl) O Xnm,i}(i, A;) 

= {(0n,m X idi) o x„m,« o X idi)}{i,j,k) = P{i,j,k). 

Hence ([Sli]) holds. 
From ([330|) . 

{i,t)&F„xFi {j,k)&FmXFi 

where 

(3.18) 

Then we see that 

^i,t,i,fc Ht''^k,k- ^t,k^(ij,t),(i,j,k) i-^-iy) 

where = Xn,i{i,t) and (j,^) = Xm,iij,k). From this, 



(ij,fe)GF„xF,„xF, 
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When t = k, 



{hhi) = {{idn X Oi^rn) ° {Xn,l X idm)} {i , t , j) 
= {{idn X Oi^rn) O iXn,l X idm)}{i,k,l) 

= {{idn X Oi^rn) ° {Xn,l X idm) o X 6*^^;) o X Xm,l)}{hj, k) 

= Q{hj,k). 

Therefore p.l5p holds. I 

From Lemma 13.21 it is sufficient for the proof of (j3.2p to show the 
equahty P = Q for two maps P and Q in ()3.16p and (I3.17p . 



3.2.2 Proof of (ig — Step 2 

In this subsubsection, we prove equations of maps on integers in Lemma [3. 2 [ 



Lemma 3.3 For P and Q in \3. 1 6\) and ^3.17^ , P = Q, that is, the follow- 
ing diagram is commutative: 

FnXF^X Fi 



4>n,rn X idi 
Fnm X Fi 

Fnm X Fi 

Kim X idi 



FnXFmX Fi 



idn X Xm,l 

FnXFmX Fl 

\ idn X 9ni,l 

FnXFlX Fm 

+ Xn.l X idm 

FnX FiX Fm 

idn X Olrn 



Proof. Here we omit the symbol "o" for simplicity of description. For 
{4'n,m ■ n,m G N} in (|3.5p . the following holds: 



4>nm,l{4>n,m. X idl) = <f>n,mli'''dn X (f)m,l) {n,m,l € N). 

From (|3.2ip . we obtain 

4>nm,l = (t>n,ml{idn X 4>m,l){4>n,m X idl)~^ . 

By the same token, we see that 

4>n,ml = 4>n,lm = (t>nl,m{(t>n,l X idm){idn X (l>l^m)~^, 



(3.21) 
(3.22) 
(3.23) 



4>nl,m = (Pln,m = 4'l,nm{idl X (/>„,„,) (0/,n X idm) ^■ 



(3.24) 
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Substituting (fSTMl) into ([323]), and substituting it into (|3:22|) . 

</'nm,i = <t>l,nm{idl X (f>n,m){(t>l,n X idm)^^ 

-x{(t)n,i X id.m){id 

= (t>l,nmi'idl X (l)n,m){On,lXn,l X idm){idn X Om,lXm,l){4>n,m X ■id;)"^ 

(3.25) 

Hence 

n,lXn,l ^idm){idn ^(^m,lXm,l ){(j)n,mxidir\ (3.26) 

From this, 

{idiX(l)n,m)^^Onm,lXnm,l{'^n,mXidl) = {On,lXn,l'Xidm){idnXOm,lXm,l) ■ (3.27) 

By multiplying x ^;,m)(^/,n x idm) at both sides of (|3.27p from the left, 

(fd„ X 6l^m){dl,n X idm){idl X 4>n,m)~^ Onm,lXnm,l{4>n,m X id;) 
= (f(i„ X 9i^rn)iXn,l X idm)iidn X 9m,lXm.l)- 

(3.28) 

The R.H.S. of (l3:28]l is Q. On the other hand, the L.H.S. of (l3:28D is 

(idn X 0l^m)iOl,n X idm)r]n,mdi4>n!m X idl)Xnm,l{(pn,m X id;) (3.29) 

where rjn.m,i denotes the map from x x Fi to Fi x Fn x F^ defined as 
iln,m,i{i,j,k) = {k,i,j). Since (idn x 0i^rn){9i,nX ■i'dm)'nn,m,i = idn X idm X idi, 
the L.H.S. of (j3.28p is P. Hence the statement holds. | 

During initial phases of this study, Lemma [3.3l was forecasted by a computer 
experiment. Essential pats of the proof of Lemma [3.3l are equations in (j3.2ip . 

3.2.3 Proof of Theorem [EKii) 

From Lemma 13.21 and Lemma 13.31 ()3.2p holds. By the same token, (|3.3p 
can be verified. From Lemma [2.4( ii). the quasi-cocommutative C*-bialgebra 
(M^,(C), A<^, i?) is quasi-triangular. 
From (fOTT) and (IXTOll . 



{id) 



Xn,mdm.,n)ib,a), (fe,a) ' 

(a,f))GF„xF™^ 
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From this and ()3.10p . 

Xn.m (ij), (ij) (dm,nXm,nd„,m)(b,a), {b,a) 



{i,j),{b,a)€F„xFm 

n9-n,m){b,a), {b,a) ' 

(fe,a)GF„xF™ 

On the other hand, Xn,m^'m,nXm,n6'n,m = ^rfn X «c^m from (|3.12p . Hence 

= ^t^S'.M =In® Im. (3.30) 

Hence, ()3.4p holds. From this and Lemma l2.4( iii). the quasi-triangular C*- 
bialgebra (M*(C), Aj^, i?) is triangular. I 



Appendix 

A Basic facts about quasi-triangular C*-bialgebras 

In this section, we show basic facts about quasi-triangular C*-bialgebras. 

Fact A.l Let {A,A,R) be a quasi-triangular C* -hialgehra. Then the fol- 
lowing holds: 

(i) R satisfies the Yang-Baxter equation 

^12^13-^23 = R2iRviRl2- (A.l) 

(ii) If {A, A) has a counit e, then 

(e O id) (R) =id= {id (g) e) (R) (A.2) 
where id denotes the unit of M{A). 

(iii) Let {7i,TT) be a nondegenerate representation of the C* -algebra A. Let 
n denote the extension of it ir on A4{A ® A) and let T denote the 
flip on 1-1®%. Define the unitary operator C on 7i 7i by 

C = TU{R). (A.3) 
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For n > 3, let 7^®" denote the n-times tensor power of H. For 1 < 
i < n—1, let Ci = 
map on %. Then 



i < n—1, let Ci = /^^* (E> C (8) where !■}{ denotes the identity 



CiCi+iCi — Cj+iCjCj+i. (A. 4) 

In addition, if {A, A, R) is triangular, then = /. 

Proof Proofs of (i) and (ii) are given along with the proof of Theorem 
VIII. 2. 4 of [8j which is modified to a C*-bialgebra as follows: 

(i) 

Ri2Ri3R23= Ri2i^C^id){R) (by([l8D) 

= {A°P^id){R)Ri2 (bydLZD) 

= ifA,A'^id){{A(E)id){R))Ri2 

= {fA,A®id){Ri3R23)Ri2 (bydTHI)) 

= {ta,a id){Ri3) ■ {fA,A ^ id){R23)Rl2 

= R2?,Ri?,Ri2- 

(ii) Since e is nondegenerate, it can be extended to the *-homomorphism e 
from to C such that = 1. We write e as e here. Since {£®id)oA = 
id, 

R= {{e(^id0id)o{A^id)}{R) 
= {e(S)id(g)id){RnR23) (by dLlD) 
= {e^id(^id){Ri3) ■ {e^id0id){R23) 
= {e'S)id)iR) ■£{I)R. 

From this, we obtain (e (g) id){R) = id because e{I) = 1 and R is invertible. 
By the same token, we obtain (id ^ £){R) = id. 

(iii) Assume n = 3 and i = 1. Let U = Il{R). Then 

C1C2C1 = T12U12T23U23T12U12 

= T12T23T12U23U13U12 

= T23T12T23U12U13U23 (bydSH)) 
= T23U23T12U12T23U23 
= C2C1C2 

where we use the leg numbering notations Tij and Uij on Ti®^ and T12T23T12 = 
T23T12T23. This implies ^EM- 

Assume that {A, A, R) is triangular. For a,b £ A, we see that T{{tt (g) 
vr)(a (g) 6)}r = (vr (g) 7r)(6 a). From this, 

TU{R)T = U{fA,AiR))- (A.5) 
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From (1X5]) and (fLOjl . 

= TIi{R)TIi{R) = Ii{fA,A{R)R) = n(/A4(A0A)) = I- (A.6) 



In addition to Fact lA.lT iii). it is clear that {Ci}^~l satisfies CiCj = 
CiCj for i,j = 1, ... ,77- — 1 wlien \i — j\ > 2. Therefore a nondegenerate 
representation of a quasi-triangular (resp. triangular) C*-bialgebra gives a 
unitary representation of the braid group Bn {[8\, Lemma X.6.4) (resp. the 
symmetric group ([H], § X.6.3)). 
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